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Abstract. In this study, inspired by the work of K. Nakazato and K. Kitahara [Prog.
Theor. Phys. 64, 2261 (1980)], we consider the theoretical problem of tracer particle
diffusion in an environment of diffusing hardcore interacting crowder particles. The
tracer particle has a different diffusion constant from the crowder particles. Based on
a transformation of the generating function, we provide an exact formal expansion for
the tracer particle probability density, valid for any lattice in the thermodynamic limit.
By applying this formal solution to dynamics on regular Bravais lattices we provide a
closed form approximation for the tracer particle diffusion constant which extends the
Nakazato and Kitahara results to include also b.c.c. and f.c.c. lattices. Finally, we
compare our analytical results to simulations in two and three dimensions.
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1. Introduction
Diffusion of a particle in a crowded environment is a classical problem in statistical
physics. Among the different possible models, the simplest is to consider the motion
of a tracer particle on a lattice surrounded by crowders at concentration c, see Fig. 1.
In this model, which we explore herein, n random walkers, each jumping on a lattice
of N sites in d dimensions, surround a diffusing single (tagged) tracer particle. The
tracer particle has a jump rate rT and each crowding particle has a jump rate rC . Two
particles cannot occupy the same lattice site (hardcore repulsion). It is intuitively clear
from Fig. 1 that such crowding can severely change the effective diffusion of a tracer
particle as compared to a freely diffusing particle (no crowding particles).
In the mean field approximation the reduction in the diffusion constant is obtained
simply by counting the global average number of available sites for the tracer particle; the
diffusion constant then is assumed to be reduced by a factor 1− c, where c = n/(N − 1)
is the concentration of crowder particles. The mean field result is a good approximation
when rC  rT in which case the tracer particle at every instance in time “experiences”
a local crowder concentration equal to the global average. For the general case, it is
convenient to extract the mean field result and write the tracer particle mean square
displacement (MSD) for the crowded system as
MSD(t) = 2dD0t(1− c)f(t, c, rT , rC) , (1)
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rC
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Figure 1. Schematic illustration of the dynamics of a tracer particle in crowded
system. The dynamics takes place on a lattice where a set of crowder (white) particles
attempt to move with jump rate rC , and a tracer particle (black) attempts to move
with jump rate rT . The particles are subject to hard core repulsion, i.e. they cannot
occupy the same site. We here investigate the asymptotic statistical properties of the
tracer particle motion in such a scenario. Note that we here use a two-dimensional
square lattice for illustrational purposes only – the results derived herein apply to
regular Bravais lattices in arbitrary number of dimensions.
where D0 = nba
2rT/(2d) corresponds to the diffusion constant of a single tracer particle
in the absence of crowder particles. Above, nb is the number of nearest neighbours on
the lattice and a is the distance between such neighbours. The quantity f(t, c, rT , rC)
is referred to as the correlation factor and it quantifies corrections to the mean field
approximation. Thus, the correlation factor contains all remaining information of the
diffusion constant’s dependence on the underlying physical parameters, namely rT , rC
and c and on the lattice geometry. To illustrate the origin of the correlation factor,
consider e.g. that the tracer particle is attempting to jump to a site occupied by a
crowder particle. This move will be prohibited due to the hardcore interaction. However,
at the next time step the tracer particle can attempt to jump to the same site. If the
jump rate of the crowder particle is such that rC/rT  1 it is probable that the same
crowder particle will inhibit this move once more. This type of two-body correlation
effect is not incorporated in the mean field approximation and, as we will show, in
general, leads to f(t, c, rT , rC) < 1.
Both the generality and complexity of the problem make its exact resolution very
challenging, if not impossible [1]. Most of the existing literature focus on specific cases.
For example, if crowder particles do not move (rC = 0) one has a single tagged particle
moving stochastically in a statically disordered medium [2, 3] (percolation). Another
well explored related scenario corresponds to single file diffusion [4], where in a linear
lattice each particle with identical jump rate (rC = rT ) diffuse sub-linearly with time.
Moreover, diffusion of a forced tagged particle in a crowded lattice is an actively explored
problem [5, 6, 7, 8, 9]. Some specific lattice structures were studied also, such as stripes
and capillaries [10], presenting rich scaling behavior.
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For the general case considered here (arbitrary concentration and particle jump
rates) only a few approximation schemes were proposed [11, 12, 13, 14, 15, 16]. More
significant results were obtained by Tahir-Kheli and Elliott [17] based on a decoupling
scheme of many-particle correlation functions. The same results were expressed in
terms of the velocity autocorrelation function by van Beijeren and Kutner [18]. Some
interesting results were more recently obtained in the limit of high concentration [19, 20]
for forced tagged particle motion [21, 22, 23].
In our work, we provide all details of derivation of the transformed (phase-rotated)
Liouvillian operator introduced by Nakazato and Kitahara [15]. To our knowledge, this
full explicit derivation has not been provided before. We then rigorously derive the
thermodynamic limit for the tracer particle probability density function (PDF). Based
on this PDF we obtain an exact expansion of the correlation factor, f(t, c, rT , rC), in
terms of n-body correlation functions, which is independent of the network or lattice
structure. By calculating the first order term in the formal expansion we extend
Nakazato and Kitahara’s results [15] (valid for linear, square and cubic lattices) to
also include b.c.c. and f.c.c. lattices. Through extensive simulations we further study in
detail the limitation of our first-order approximation. Our simulation software package
is made publically available. Since our theoretical results are grounded in a formally
exact result, it opens up for future systematic improvements of our approximations.
The structure of this article is as follows: in Sec. 2, we provide an exact expansion,
in terms of many-body correlation functions, for the probability density function (PDF)
for the tracer particle position in a crowded environment, valid for arbitrary lattice
geometries (Sec. 2.1). We then present the mathematical mapping used in this study
(Sec. 2.2) and derive an expression for the PDF in the thermodynamic limit (Sec. 2.3).
We then discuss the dynamics in the mapped system (Sec. 2.4) and present a formal
many-body expansion (Sec. 2.5). The next Sec. 3 focuses on dynamics for regular
lattices. For these lattices, translation invariance allows a derivation of different terms
in the proposed expansion (Sec. 3.1). We then consider the zeroth order of the expansion
(Sec. 3.2), followed by the determination of the crowding effect to the first order
(Sec. 3.3). In the final Sec. 4, we compare the derived results to simulations for each of
the lattices (in two and three dimensions) considered.
2. Many-body expansion for arbitrary lattices
In this section we will focus on the general mathematical formalism and derivations
for general lattice geometries. After some definitions using the Dirac bra-ket notation
(Sec. 2.1) we map the system (Sec. 2.2) and derive an expression for the PDF in the
thermodynamic limit (Sec. 2.3). It is followed by more details on the mapped system
dynamics (Sec. 2.4) and our expansion for the PDF of the tracer particle in terms of
a sum of contributions from n crowder particle correlations (Sec. 2.5). The derivations
in Secs. 2.2-2.4 follow closely those of Ref. [15], but are here provided in a slightly
expanded format for completeness.
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2.1. Hardcore interacting particles on a lattice
We consider a simple lattice of N lattice sites in d dimensions. Each site is defined by a
position vector u. Although we will use square lattices to illustrate the system behavior
and our mapping, what follows in this section is independent of the lattice nature. The
lattice contains one tracer particle and n crowder particles. A given microscopical state
of the system is thus fully characterized by the tracer particle position, r, and crowder
particle positions, ri with i = {1, . . . , n}. We use the bra-ket notation to define the
states and the dynamics of the system. For example, a state of the system where only
the tracer particle is present and located at position r is denoted as:
|Tr〉 ·
 N∏
i=1
ui 6=r
|0ui〉

︸ ︷︷ ︸
|{∅}〉
(2)
where |0ui〉 is a local state corresponding to no particle at site ui. A local site state with
a tracer particle present at position r is denoted by |Tr〉. A general allowed state with
both tracer and crowders present is written as the (direct) product of all N local states
according to
|Tr〉 ·
(
n∏
i=1
|Cri〉
)
· |{∅}〉 (3)
where it is understood that r and all ri are distinct, and where |{∅}〉 denotes remaining
(non-occupied) sites, i.e., the product of local states with neither tracer nor crowder
particles. Local crowder particle states are denoted by |Cri〉. We use the following
orthogonality rule [15]
〈Xr||Yr〉 = δX,Y , (4)
where X and Y each represents one of the three types of lattice states we consider: T
for tracer particle, C for crowder particle or 0 for an empty site. This orthogonality
relation, together with our explicit form for the Liouvillian below, handles the hard
core repulsion, forbidding two particles to occupy the same site on the lattice. The
completeness relation becomes:
I =
N−1∑
n=0
∑
r,r1,...,rn
ri 6=r
ri 6=rj
|Tr〉|Cr1〉 · · · |Crn〉|{∅}〉〈{∅}|〈Crn| · · · 〈Cr1|〈Tr| (5)
where the sums run over all allowed crowder and tracer particle configurations (crowder
particles are indistinguishable). The quantity I above is an identity operator which
when applied to any lattice state leaves that state unchanged. Notice, however, the
constraints in the sum above, which guarantee that particles cannot occupy the same
lattice site.
Tracer particle diffusion in a system with hardcore interacting particles 6
Let us now consider the dynamics. For a given particle type P (P = T for tracer
or C for crowder) we define an update operator according to
UP =
N∑
i=1
∑
b
(
|Pui+b〉〈0ui+b||0ui〉〈Pui | − |Pui〉〈Pui ||0ui+b〉〈0ui+b|
)
. (6)
There are two sums above. The first sum is over all sites of the lattice. The second sum
is over all neighboring sites of site ui, where the quantity b is a displacement vector to a
nearest neighbor site. Within the sums there are two terms. The first term corresponds
to a scenario where a particle of type P on a site ui is replaced by an empty site (P
particle annihilated) followed by the creation of a P particle in ui + b, if that site is
empty. This first term is thus a moving operator. With the orthogonality relation we
defined in Eq. (4) it is clear that the moving operator is only effective if a P particle
is present in ui and if the site ui + b is empty, thus making sure that the hardcore
constraint is satisfied. The second term is negative and contains the projection operator
onto states with a P particle at ui and an empty site at ui + b. These two terms
signify that in a small time window a particle can either jump (first term) or remain at
its current position (second term). Fig. 2 schematically illustrates the superposition of
eight states produced by the action of the operator UP on a square lattice containing a
single P particle.
UP
∣∣∣ 〉 = ∣∣∣ 〉+ ∣∣∣ 〉+ ∣∣∣ 〉
+
∣∣∣ 〉− 4∣∣∣ 〉
Figure 2. Illustration of the action of the update operator UP , Eq. (6), applied to a
square lattice with one particle P .
For the simplest case of a single tracer particle in the absence of crowders, the
probability density function (PDF) of finding the particle in a position r starting from
r0 at time t is
P (r, t|r0) = 〈{∅}|〈Tr|etrTUT |Tr0〉|{∅}〉, (7)
where rP represents the jump rate of a P particle for passing to a nearest neighbour
site. This is the PDF for a single random walker on a lattice.
Our interest focuses on the diffusion of a tracer particle in a crowded system with
n crowder particles. The PDF for finding the tracer particle at position r after a time
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t, given an initial position r0, then is:
Pn,N(r, t|r0) = 1(N−1
n
)〈{∅}|〈Tr| ∑
r1,...,rn
〈Cr1| · · · 〈Crn|
× etL
∑
r′1,...,r′n
|Cr′1〉 · · · |Cr′n〉|Tr0〉|{∅}〉 (8)
where
∑
r1,...,rn
represents the sum over all the possible configurations of the n crowder
particles on the N − 1 sites (thermal initial condition). The dynamics of our system
is determined by the Liouvillian operator L = rCUC + rTUT , which allows either the
crowder particles to move with a rate rC or the tracer particle to move with a rate rT
at any given instant. Due to the hardcore repulsion, care is required when calculating
Eq. (8). Formally, this expression can be evaluated by dividing time into small time
slices, i.e. we write exp(tL) = ∏Kk=1Ok with Ok = exp[kL] and k = tk − tk−1, with
tK = t and t0 = 0. Between each Ok-operator in the product above, one then inserts
completeness relations, see Eq. (5). Such an approach (for k → 0) ensures that at no
time in [0, t] do any two particles occupy the same lattice site. Due to the constraints
imposed in Eq. (5) such an approach is not practical, however. Instead, we here introduce
a transformation which allows us to rewrite the PDF above in terms of few-body states
(to lowest orders in an expansion). When the number of particles is one or two in the
transformed domain, we can deal with the hardcore repulsion by introducing absorbing
conditions for the many-body propagator.
2.2. Mapping the system
Following Ref. [15] we now define the following generating function:
G(r, t|r0;x) =
N∑
n=1
xnPn,N(r, t|r0)
(
N − 1
n
)
(9)
where Pn,N(r, t|r0) is given in Eq. (8). The binomial coefficient in the definition of the
generating function corresponds to the number of ways of placing the n indistinguishable
crowder particles on N − 1 sites (one of the N sites is occupied by the tracer particle).
We will later find it useful to normalize this generating function according to:
g(r, t|r0;x) = 1
(1 + x)N−1
G(r, t|r0;x). (10)
Using Eqs. (8) and (9) we have that [15]
G(r, t|r0;x) = 〈{∅}|〈Tr|
N∏
i=1
ui 6=r
(
1 +
√
x|0ui〉〈Cui |
)
etL
N∏
j=1
uj 6=r0
(
1 +
√
x|Cuj〉〈0uj |
)
|Tr0〉|{∅}〉 .
(11)
The equivalence of Eqs. (8) and (9) to Eq. (11) follows directly by explicitly writing out
all terms in Eq. (11). We require that ui 6= r and uj 6= r0, which above corresponds
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to the requirement that no crowder particle can be placed on the same site as the
tracer particle. Following Ref. [15], we apply a transformation (phase rotation) using
the operator Sui = |Cui〉〈0ui |−|0ui〉〈Cui |. Applying e−θ
∑N
i=1 Sui , with a phase parameter
θ, to the superposition of initial states (see Appendix A) we find that the generating
function (10) can be conveniently written as
g(r, t|r0;x) = 〈{∅}|〈Tr|etLˇ(θ)|Tr0〉|{∅}〉 (12)
provided we choose
√
x = tan θ. The transformed Liouvillian is given by
Lˇ(θ) = e−θSLeθS . (13)
Thus, the phase rotation provides means for passing from a situation with a large number
of initial and final states (more precisely,
(
N−1
n
)
states, see Eq. (8)) to a situation with
only one initial and one final state. The final and initial states contain no crowder
particles and only one tracer particle. This reduction, however, comes at the expense of
a more complicated Liouvillian, Lˇ(θ).
2.3. Thermodynamic limit
We now seek to derive a general expression for the tracer particle’s PDF in the
thermodynamic limit in terms of the phase-rotated generating function derived in the
previous subsection. To that end, let us write Eqs. (9) and (10) according to:
g(r, t|r0;x) =
N∑
n=1
FN(n, x)Pc(r, t|r0) , (14)
where
FN(n, x) =
xn
(1 + x)N−1
(
N − 1
n
)
. (15)
In the limit of large N we have that FN(n, x) converges to a normal distribution, i.e.,
lim
N→∞
FN(n, x) =
1√
2piσ2
exp
(
−(n− n˜)
2
2σ2
)
, (16)
with n˜ = Nx/(1+x) and σ2 = Nx/(1+x). Taking the thermodynamic limit, i.e. taking
n to infinity with the concentration c = n/N kept fixed, we have:
lim
N→∞
n→∞
with n/N=c
FN(n, x) =
1
N
δ
(
c− x
(1 + x)
)
. (17)
Consequently, in the thermodynamic limit we choose
x =
c
1− c . (18)
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Thus, in the thermodynamic limit the PDF becomes
pc(r, t|r0) = lim
N→∞
n→∞
with n/N=c
Pn,N(r, t|r0) = g(r, t|r0;x = c
1− c) , (19)
where g(r, t|r0;x) is given in Eq. (10). We consequently have equality between the
thermodynamic limit PDF of a tracer particle moving through an environment of
crowder particles (undergoing usual displacement and hard core repulsion: L) and the
PDF of a tracer particle moving without crowder particles around and described by the
modified Liouvillian Lˇ(θ). Using Eq. (12) we write Eq. (19) on the final form
pc(r, t|r0) = 〈{∅}|〈Tr|etLˇ(θ)|Tr0〉|{∅}〉 (20)
where the phase angle is determined by θ = arctan[
√
x] = arctan[
√
c/(1− c)]. Equation
Eq. (20) gives the probability to find the tracer particle at r starting from r0, after a time
t, in the thermodynamic limit knowing it is surrounded by a given concentration c of
crowder particle (thermal initial conditions). Notice that the result above is independent
of the geometry of the lattice, making it a powerful method to unravel crowding effect
in complex lattices and networks as well as in regular lattices. The transformation is
similar to a Lang–Firsov (polaron) transformation used for electronic system [24, 25].
2.4. Phase-rotated dynamics of Lˇ
Let us now investigate further the dynamics described by the Liouvillian Lˇ(θ), see
equation Eq. (13). This operator can be written (see Appendix B and Ref. [15])
Lˇ(θ) = rCUC + rT cos2 θUT + rT sin2 θR+ rT cos θ sin θ
(C + C†) , (21)
where, in the thermodynamic limit, we have cos2 θ → (1 − c), sin2 θ → c and
cos θ sin θ → √c(1− c) (because we have √x = tan θ). The two first operators above
were already formally defined through Eq. (6). The operator R acts by exchanging the
position of neighbor tracer and crowder particles:
R =
N∑
i=0
∑
b
(
|Tui〉〈Cui ||Cui+b〉〈Tui+b| − |Tui〉〈Tui ||Cui+b〉〈Cui+b|
)
. (22)
Finally, the non-conservative operators C and C† are more “exotic” in the sense that
they do not conserve the number of crowder particles. These operators annihilate or
create a crowder particle close to a tracer particle, respectively.
C† =
N∑
i=0
∑
b
(
|Tui〉〈Tui ||Cui+b〉〈0ui+b| − |Tui〉〈0ui ||Cui+b〉〈Tui+b|
)
, (23)
C =
N∑
i=0
∑
b
(
|Tui〉〈Tui ||0ui+b〉〈Cui+b| − |Tui〉〈Cui ||0ui+b〉〈Tui+b|
)
. (24)
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Here the C† operator takes effect only when applied to states with a tracer particle close
to an empty site (like UT ), while the operator C takes effect only when applied to states
with a crowder particle close to the tracer particle (like R).
Thus, the dynamics in phase-rotated space as described by Lˇ(θ) is very different
from the dynamics described by L. Despite having reduced the thermal initial states
to single particle states, we have, with Lˇ(θ), introduced the possibility for the tracer
particle to swap positions with a crowder (through R), and to create and annihilate
crowder particles in the neighborhood of the tracer particle (through the operators C†
and C).
2.5. Expansion in terms of particle correlation functions
In this subsection we present a formally exact expansion of the tracer particle PDF.
However, before giving the formal expansion, let us discuss the underlying “philosophy”
of the expansion. For a tracer particle surrounded by other particles, at “zeroth order”
the most relevant effect will be to determine if the next site to jump to is free or not.
This effect is contained in the mean field approximation, as previously described. Our
expansion is constructed to give the mean field to lowest order. At the next order, as
discussed in the introduction, we may find a situation where the tracer particle attempts
to jump consecutively to a site where some crowder particle is present. Including this
effect, goes beyond mean field, and is contained to next order in our expansion. Higher
order terms in our expansion include more complex effects. Such effects are especially
prominent for comparatively slow crowder particles, r = rC/rT  1 (r → 0 is the
percolation limit).
Let us now introduce our formal expansion. To that end we take the Laplace
transform with respect to time of pc(r, t|r0) in Eq. (20):
p˜c(r, s|r0) = 〈{∅}|〈Tr| 1
s− Lˇ|Tr0〉|{∅}〉 . (25)
We proceed by splitting the phase-rotated Liouvillian according to Lˇ = Lˇ0 +γLˇ′, where
Lˇ0 = rCUC+rT (1−c)UT +rT cR and Lˇ′ = C+C† correspond to the conservative part and
the non-conservative part with respect to the number of crowder particles, respectively,
with γ = rT
√
c(1− c). By repeatedly using the identity:
1
s− Lˇ =
1
s− Lˇ0
+ γ
1
s− Lˇ0
Lˇ′ 1
s− Lˇ , (26)
we can write our formal expansion
p˜c(r, s|r0) =
∞∑
j=0
γ2jφ˜j(r, s|r0), (27)
where
φ˜j(r, s|r0) = 〈{∅}|〈Tr| 1
s− Lˇ0
(
Lˇ′ 1
s− Lˇ0
)2j
|Tr0〉|{∅}〉. (28)
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The absence of odd powers of γ in the sum in Eq. (27) appears because the Lˇ′ operator
creates or destructs only one crowder particle at each application. As neither the initial
nor the final states contain crowder particles, we need an even number of applications of
this operator to yield a non-zero contribution. We notice that the expansion parameter,
γ2 = r2T c(1− c) ≤ r2T/4, (29)
converges to zero for small (c → 0) or large (c → 1) crowder concentrations. However,
notice (see Eqs. (21), (27) and (28)) that the quantity φ˜j(r, s|r0) also (in a non-trivial
fashion) depends on r and c. Therefore, care is required when studying the c → 0 and
c→ 1 limits.
To clarify the underlying physics of each term in Eq. (27) let us consider the first
few ones. For j = 0 we have, in the time domain,
φ0(r, t|r0) = 〈{∅}|〈Tr|et(1−c)rTUT |Tr0〉|{∅}〉 . (30)
This expression is the PDF for diffusion of the tracer particle where the jump rate is
renormalized by the concentration of empty sites (1−c), compared to the single particle
PDF in Eq. (7). This thus corresponds to the mean field approximation discussed in
the introduction. The fact that only the tracer particle update operator, rTUT , enters
the expression above, and not the full Lˇ0, follows from the fact that the operators UC
and R act on crowder particle states and that the phase-rotated initial state does not
include crowder particles. Note that the thermodynamic result above is independent of
the lattice considered.
Going further to the first order correction (j = 1) we have the Laplace domain
result
φ˜1(r, s|r0) = 〈{∅}|〈Tr| 1
s− rT (1− c)UT C
1
s− Lˇ0
C† 1
s− rT (1− c)UT |Tr0〉|{∅}〉. (31)
The propagator above corresponds to a process where a tracer particle diffuses with
a renormalized jump rate (mean field); at a given time a crowder particle is created
followed by the evolution of both particles according to Lˇ0. Thereafter the crowder
particle is annihilated, followed by the diffusion of the tracer particle.
Considering higher order terms, j ≥ 2 in Eq. (27), we notice that the reduction we
made for the operator Lˇ′ for φ˜1 now is more complicated. For example, for j = 2 we find
that φ˜2 can be decomposed into two distinct processes: (i) one involving the consecutive
creation of two crowder particles followed by their annihilation, and (ii) another one
where a crowder particle is created and then destroyed, followed by the creation and
subsequent annihilation of a new crowder. This corresponds to the case where the
tracer particle consecutively meets two particles. When evaluating higher order terms
(arbitrary j) one must make sure that the creation and annihilation operators originating
from Lˇ′ are constrained such that no more crowders are annihilated than created. Note
that all combinations are embedded into the probability φ˜j: (i) creating j crowder
particles and then annihilating them, (ii) the process of creation of a crowder directly
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Lattice nb Vector connecting the nearest neighbors is b = ±av
Linear 2 v = 1
Square 4 v =
{(
1
0
)
,
(
0
1
)}
Cubic 6 v =

10
0
 ,
01
0
 ,
00
1


B.c.c. 8 v =
1√
3

11
1
 ,
−11
1
 ,
 1−1
1
 ,
 11
−1


F.c.c. 12 v =
1√
2

11
0
 ,
−11
0
 ,
10
1
 ,
−10
1
 ,
01
1
 ,
 0−1
1


Table 1. List of the nearest neighbor displacement vector, b, and the number of
nearest neighbours, nb, for the different considered lattices, where a is the distance
between nearest neighbours.
followed by its annihilation, j times, and (iii) all intermediate combinations. The
expansion proposed in Eq. (27) is based on the assumption that γ is “small”. In
practice, the simulation results in Sec. 4 indicate that the convergence of Eq. (27) may
be controlled by γ/rC (for smaller values of this ratio, the first-order approximation
becomes better).
It is worth noticing that if the zeroth and first order terms relate to diffusion of
one and two interacting particles, respectively, already the second order, involving the
diffusion of three interacting particles, is beyond reach of exact calculation in general. In
the related context of diffusion in disordered media, a somewhat similar diagrammatic
expansion was studied using renormalization group methods [3].
In the next Sec. 3, we will see that for a regular lattice, analysis of the exact
expansion provides good estimates for the tracer particle diffusion coefficient.
3. Crowding effects on tracer particle diffusion on regular lattices
In this section we focus on diffusion on regular lattices where the separation to nearest
neighbors is homogeneous. These lattices fall into the Bravais lattice category, and have
translation invariance. In Table 1 we present the definition of the different neighbor
displacements, b. In Table 2 other characteristic numbers defining the lattice geometry
are provided. Below, we first relate the PDF introduced previously to the tracer particle
MSD (Sec. 3.1). We then derive the zeroth order contribution to the diffusion constant
in Sec. 3.2, followed by results for the first order contribution (Sec. 3.3).
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3.1. Mean square displacement on regular lattices
For regular lattices we are now interested in the MSD of a tracer particle. Using the
definition of the variance of pc(r, t|r0) and the expansion in Eq. (27) we obtain
MSD(t) =
∞∑
j=0
γ2jAj(t)t, (32)
where
Aj(t) =
1
t
∑
n,n0
(r(t)− r0)2φj(r, t|r0). (33)
Using the definition of the correlation factor, Eq. (1), we have
f(t, c, rC , rT ) =
1
nbrT a2(1−c)
∞∑
j=0
γ2jAj(t). (34)
To proceed, we introduce the Fourier transform of the position of the tracer particle:
|Tˆq〉 =
∑
r
e−iq·r|Tr〉 (35)
with inverse
|Tr〉 = 1
(2pi)d
∫
ddqeiq·r|Tˆq〉, (36)
where
∫
ddq = (l1 · · · ld)
∫ pi/l1
−pi/l1 dq1 · · ·
∫ pi/ld
−pi/ld dqd with li = avi (i = 1, . . . , d) and vi the ith
component of neighboring vector v as given in Table 1. The Fourier transform in space
associated with pc(r, t|r0) is
S(q, t) =
1
N
∑
r,r0
e−iq·(r−r0)〈{∅}|〈Tr|etLˇ|Tr0〉|{∅}〉. (37)
Using the expansion in Eq. (27) of pc(r, t|r0) we have that
S(q, t) =
∞∑
j=0
γ2jSj(q, t), (38)
where
Sj(q, t) =
1
N
∑
r,r0
e−iq·(r−r0)φ˜j(r, t|r0) (39)
are the Fourier transforms related to each φ˜j(r, s|r0) as defined earlier. The MSD now
can be extracted from S(q, t) as the second order term in q, according to
S(q, t) = 1− |q|
2
2d
MSD(t) +O[q3] (40)
where |q|2 = q2x + q2y + q2z . The fact that no cross-terms (qxqy etc) appear above
follows from the fact that the dynamics for all lattices considered herein is rotationally
symmetric. The contribution to the crowding effect then is contained in
A¯j = lim
t→∞
Aj(t) = − lim
t→∞
1
t
∇2qSj(q, t)
∣∣∣
0
, (41)
with Sj(q, t) given by Eqs. (28) and (39).
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3.2. Zeroth order: mean field approximation
The zeroth order term in the expansion in the previous subsection is straightforward to
derive, because no crowder particle states are involved. The Laplace transform is (see
Eqs. (30) and (39))
S˜0(q, s) =
1
N
∑
r,r0
e−iq·(r−r0)〈{∅}|〈Tr| 1
s− rT (1− c)UT |Tr0〉|{∅}〉
=
1
s− rT (1− c)
∑
b(e
iq·b − 1) , (42)
with
∑
b the sum over all the neighbor displacements of the considered lattice. We have
that
∑
b
(
eiq·b − 1) ≈ −a2∑v(q · v)2 = −nba2|q|2/(2d), where in the last step we used
the explicit expressions for v in Table 1. We thus obtain
A0(t) = A0 = a
2nbrT (1− c) , (43)
where nb is the number of nearest neighbors. Thus, the lowest order term in our
expansion is indeed the mean field result, where the crowded environment provides a
renormalization of the diffusion constant for the tracer particle by a factor (1 − c).
As stated previously, the mean field result is a useful approximation as long as
γ2 = r2T c(1− c) is “small”.
Let us now venture beyond the mean field approximation, into the first order of the
expansion.
3.3. First order: including two-body correlation effects
Consider now the first order term, p1(r, t|r0), as given in Eqs. (31) and (39). We have
for the Laplace-Fourier transform that
S˜1(q, s) = [S˜0(q, s)]
2 1
N
∑
r,r0
e−iq·(r−r0)〈{∅}|〈Tr|C 1
s− Lˇ0
C†|Tr0〉|{∅}〉. (44)
As shown above, we have that S˜20(q, s) ∼ 1/s2 +O[q2] leading to
A1(t)t = L
−1
{
1
s2
−4nba2V (s)
1− 2(rT (1− 3c) + rC)V (s)
}
, (45)
as derived in Appendix C. V (s) depends on the lattice and is defined respectively for
the hypercubic (linear, square and cubic), b.c.c. and f.c.c. lattices according to:
Vhyp(s) =
∫ pi
−pi
dpx
2pi
∫ pi
−pi
dpy
2pi
∫ pi
−pi
dpz
2pi
sin2(px)
s− 2(rT (1− c) + rC)
∑
v(cos(p · v)− 1)
(46)
Vbcc(s) = 4
∫ pi
−pi
dpx
2pi
∫ pi
−pi
dpy
2pi
∫ pi
−pi
dpz
2pi
sin2(px/
√
3) cos2(py/
√
3) cos2(pz/
√
3)
s− 2(rT (1− c) + rC)
∑
v(cos(p · v)− 1)
(47)
Vfcc(s) = 2
∫ pi
−pi
dpx
2pi
∫ pi
−pi
dpy
2pi
∫ pi
−pi
dpz
2pi
sin2(px/
√
2) cos(py/
√
2)
(
cos(py/
√
2) + cos(pz/
√
2)
)
s− 2(rT (1− c) + rC)
∑
v(cos(p · v)− 1)
(48)
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with r = rC/rT is the relative crowder particle jump rate and where the unit vectors v are
listed in Table 1 for the different lattice types considered. For linear and square lattices
the integrals in Vhyp(s) are replaced by integrals over px and over (px, py), respectively.
Similar results were derived for translationally non-invariant lattices, such as honeycomb
and diamond, in Ref. [26]. There, also some details were given regarding the derivation
for linear, square and cubic lattices. For these, the results given above match those of
Nakazato and Kitahara [15]. The derivation provided here extends the Nakazato and
Kitahara results to f.c.c. and b.c.c. lattices.
Taking into account only the zeroth and first order of the expansion (34) we find
the first order approximation of the correlation factor
ffirst-order(t) = 1 + γ
2A1(t)
A0
(49)
= 1− 1
t
L−1
{
1
s2
4rT cV (s)
1− 2(rT (1− 3c) + rC)V (s)
}
. (50)
where we used the mean field result in Eq. (43), and A1(t) is given in Eq. (45). The
results above generalize the Nakazato and Kitahara results [15] to a larger class of
lattices.
We will later show by simulations (Sec. 4) that the first-order approximation given
above overestimates the true correlation factor for the cases considered. This finding
is consistent with (but does not prove) that higher order terms in the expression (34)
(second order and beyond) linked to high order correlation effect, contribute negatively
to the diffusion, i.e., that Aj(t) < 0 also for j ≥ 2.
For a one dimensional lattice the coefficient V (s), Eq. (46), can be estimated
yielding a correlation factor (see Appendix D)
ffirst-order(t) =
t→∞
1
c
√
r + 1− c
pirT t
. (51)
where r = rC/rT . Existing exact results are f(t→∞) = 1c
√
reff/(r2Tpit) asymptotically
[27, 28], where the quantity reff = (n+ 1)rCrT/(rC +nrT ). In the thermodynamic limit,
n → ∞ as considered here, we hence have reff = rC . We thus notice that for this
case indeed f(t) < ffirst-order(t), and the scaling with time agrees with exact results, i.e.,
MSD(t) ∼
t→∞
t1/2.
For higher dimensions we are restricted to the long time limit which becomes (see
Appendix D):
ffirst-order(∞) = 1− 2c
2c+ (r + 1− c)β , (52)
with (β + 1)−1 = 2rT (r + 1 − c)V (0), where β is a structure factor depending on the
lattice geometry, and r = rC/rT is the relative crowder particle jump rate as before. The
values of the structure factors are listed in Table 2 for the considered lattices, together
with other typical characteristics (dimension and nearest neighbor count). For the one-
dimensional (linear) lattice we have β = 0, giving ffirst-order(∞) = 0, indicating the
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Lattice d nb β
Linear 1 2 0
Square 2 4 2/(pi − 2)
Cubic 3 6 3.7655
B.c.c. 3 8 5.04863
F.c.c. 3 12 8.24308
Table 2. Table of lattice characteristics, where d is the dimension of the lattice, n the
nearest neighbor count, and β a structural factor appearing in the correlation factor,
Eq. (52).
sub-linear scaling of the MSD with time as discussed previously. For the other lattices
we have ffirst-order(∞) 6= 0, representing linear scaling of the MSD. In the next section,
we compare the first-order approximation above to simulation results.
4. Comparison with simulation results
In this section we will present a comparison between the approximations given previously
and numerical simulations. We first describe the Gillespie algorithm used to simulate the
problem. We then present and comment on our simulation results, and their difference
and similarity to the approximate results derived in the previous section.
4.1. Simulations using the Gillespie algorithm
We describe here, in pseudocode, the algorithm used to simulate a many-particle system.
Steps (iii) to (vi) is a description of the trial-and-error -method, outlined in Ref. [29]
(except that we here use a fixed time step between attempted jumps, see Step (v) below).
(i) We start by assigning jump rates for each of the nb directions and n crowding
particles, and construct a partial sum over them, such that:
p0 = 0, pa =
a∑
i=1
ri, a = 1, . . . , nb · n; ri =
{
rT , i ≤ nb.
rC , i > nb
(53)
where rT and rC correspond to the jump rate of the tracer and crowder particle,
respectively.
(ii) Place the tracer particle at the center of the lattice, and place the remaining
particles randomly on the lattice, by using the Bebbington algorithm:
Cycle through all lattice sites (except the position of the tracer particle),
and place a particle at the current site with the probability a/m, where
a ∈ [0, n] is the number of particles left to place, and m ∈ [0, N − 1] is the
number of lattice sites left to cycle through [30].
Set the time equal to zero.
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Figure 3. Simulations and theoretical estimation for the correlation factor in the
long time limit for two-dimensional square lattice: The correlation factor, f , is shown
as a function of the concentration c for a relative jump rate r = 1/20 in blue (lower
curves) and r = 1/2 in green (upper curves). The marks correspond to the Gillespie
simulations (M = 400 for r = 1/20 and M = 1000 for r = 1/2), while the full curves
are determined by the first order approximation given in Eq. (52).
(iii) Draw a random number 0 < r < 1 with uniform distribution, and find the element
with label k such that
pk ≤ rpnbn < pk+1. (54)
(iv) Convert k to the corresponding particle and direction, and move it, provided the
chosen site is unoccupied.
(v) Update the time to t→ t+ 1
pnbn
.
(vi) Return to step (iii) until t ≥ tmax.
(vii) Return to step (ii) to start the simulation of the next trajectory.
As a stop time, we choose tmax = 10tmin in all simulations, where tmin is given in
Eq. (E.2). The number of trajectories is denoted by M .
Our simulation software package (written in C++) is available from https:
//github.com/impaktor/diffusion and is released under the GNU General Public
License (GPL) [31].
Based on the tracer particle trajectories, diffusion constants were obtained using
weighted least-squares fitting to the MSD, see Appendix E for details.
4.2. Comparison between simulations and analytic predictions
For a set of two- and three-dimensional lattices, the correlation factor is shown in
Fig. 3 and Fig. 4, together with the corresponding first-order approximation ffirst-order,
Eq. (52). We consider only long-time results for the correlation factor, and study its
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Figure 4. Simulations and theoretical predictions for the correlation factor in the
long-time limit for three-dimensional lattices. Shown is the correlation factor f as a
function of the concentration c for a relative jump rate r = 1/20. The lattice geometry
is indicated in inset (simple cubic, b.c.c. and f.c.c. lattices). The marks correspond to
the Gillespie simulations (M = 300 trajectories),while the full curves are determined
by the first-order approximation given in Eq. (52).
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concentration dependence. For the two-dimensional square lattice we consider two jump
rates, r = 1/20 and r = 1/2. The lattice size is 400× 400 sites with periodic boundary
conditions, and the results are averaged over 400 trajectories for r = 1/20 and 1000
trajectories for r = 1/2 (Fig. 3). For the three-dimensional lattice we set the relative
jump rates to r = 1/20. Here, we choose a lattice size of 200× 200× 200 with periodic
boundary conditions, and the results are averaged over an ensemble of 300 trajectories
(Fig. 4).
For all of the lattices considered, we see that the simulation results are below the
first-order approximation ffirst-order. Thus, the first-order result Eq. (27) appears to set
an upper bound for the correlation factor. This finding will be useful in future attempts
to calculate exact, or approximate, expressions for the higher order terms in Eq. (34).
In Fig. 3 we see that upon decreasing r the discrepancy between the simulation and
Eq. (52) increases. This indicates non-negligible contributions of higher orders of the
expansion Eq. (27) for slowly diffusing tracer particles. However, we see that ffirst-order,
in general, still gives a very good estimate of the correlation factor.
5. Summary
To summarize, we have here presented a general derivation of the PDF, and MSD, for
the position of a tracer particle diffusing in a crowded system, where the tracer particle
has a different diffusion constant from the crowder particles. The general derivation is
based on a polaron-like mapping like in Ref. [15]. We showed that the tracer particle
PDF can be expressed as an expansion in terms of crowder particle correlation functions.
Focusing on regular lattices, we then showed that the first order of the expansion can
be evaluated for regular lattices extending the results of Nakazato and Kitahara [15].
We provide extensive numerical analysis for the different lattices considered, suggesting
that ffirst-order overestimates the true correlation factor.
The present work, besides proposing a generic approach to diffusion in a crowded
network, improves our understanding of diffusion in crowded regular lattices, especially
in a context of slowly diffusive environments. The potential range of application of
this result extends from biophysics to solid state physics or other types of dynamics on
networks.
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Appendix A. Phase rotation of the initial states
In this appendix we, for completeness, provide a derivation of the result given in Ref. [15]
for the phase-rotated initial states.
Consider Eq. (11), which we rewrite according to:
G(r, t|r0;x) = 〈{∅}|〈Tr|W−(x)e−θSetLe+θSW+(x)|Tr0〉|{∅}〉
= 〈Tr〈|{∅}|W−(x)etLˇ(θ)W+(x)|Tr0〉|{∅}〉, (A.1)
where |Tr0〉|{∅}〉 denotes the state of no occupancy at all sites except at the tracer
particle position r0 as before. Also,
W+(x) = e−θS
N∏
j=1
(1 +
√
x|Cuj〉〈0uj |) , (A.2)
W−(x) =
N∏
j=1
(1 +
√
x|0uj〉〈Cuj |)e+θS, (A.3)
and
Lˇ(θ) = e−θSLe+θS. (A.4)
In the last step in Eq. (A.1) we used the following result
e−θSetLe+θS = e−θS[1 + Lt+ 1
2!
(Lt)2 + · · · ]e+θS
= 1 + te−θSLe+θS + t
2
2!
e−θSLLe+θS + · · ·
= 1 + te−θSLe+θS + t
2
2!
e−θSLe+θSe−θSLe+θS + · · ·
= exp[te−θSLe+θS] = exp[tLˇ(θ)], (A.5)
where S should not depend on the location of the tracer particle site. Following Nakazato
and Kitahara [15] one chooses
S =
N∑
j=1
Sj, (A.6)
where Sj = |Cuj〉〈0uj | − |0uj〉〈Cuj |. Now,
e−θSj = 1− θSj + θ
2
2!
S2j −
θ3
3!
S3j +
θ4
4!
S4j + · · · (A.7)
We have
S2j = (|Cuj〉〈0uj | − |0uj〉〈Cuj |)(|Cuj〉〈0uj | − |0uj〉〈Cuj |)
= −|Cuj〉〈Cuj | − |0uj〉〈0uj | = −Ij, (A.8)
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where Ij = |Cuj〉〈Cuj | + |0uj〉〈0uj | is an identity operator which leaves any no-tracer
state unchanged. Therefore
S3j = −Sj,
S4j = (−Ij)(−Ij) = Ij, (A.9)
etc. Eq. (A.7) now becomes
e−θSj = Ij − θSj − θ
2
2!
Ij − θ
3
3!
Sj − θ
4
4!
Ij + · · ·
= cos θ Ij − sin θ Sj. (A.10)
We now have
e−θSj(1 +
√
x|Cuj〉〈0uj |)|Tr0〉|{∅}〉 = [cos θ Iuj − sin θ (|Cuj〉〈0uj | − |0uj〉〈Cuj |)]
× (1 +√x|Cuj〉〈0uj |)]|Tr0〉|{∅}〉
= [(cos θ + sin θ
√
x)
+ (cos θ
√
x− sin θ)(|Cuj〉〈0uj |]|Tr0〉|{∅}〉, (A.11)
where we used the fact that |0uj〉〈Cuj ||Tr0 , {∅}〉 = 0. If we now choose θ such that
cos θ
√
x = sin θ, i.e., tan θ =
√
x, so that sin θ =
√
x/
√
1 + x and cos θ = 1/
√
1 + x,
then
W+(θ, x)|Tr0〉|{∅}〉 =
N∏
l=1
(cos θ + sin θ
√
x)|Tr0〉|{∅}〉
= (1 + x)(N−1)/2|Tr0〉|{∅}〉. (A.12)
Similarly, one finds,
〈{∅}|〈Tr|W−(x) = 〈{∅}|〈Tr|(1 + x)(N−1)/2. (A.13)
Therefore, Eq. (A.1) becomes:
G(r, t|ro;x) = (1 + x)(N−1)〈{∅}|〈Tr|etLˇ(θ)|Tr0〉|{∅}〉, (A.14)
which, when combined with Eq. (10), leads to Eq. (13) in the main text.
Appendix B. Phase-rotated Liouvillian
Consider the phase-rotated Liouvillian given in Eq. (13). Application of The Baker-
Campbell-Hausdorff formula [32] to this expression gives
Lˇ = e−θSLe+θS = L − θ[S,L] + θ
2
2!
[S, [S,L]]− θ
3
3!
[S, [S, [S,L]]] + · · · , (B.1)
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where L = rTUT +rCUC is defined through Eq. (6) and S is given in Eq. (A.6). Consider
now the second term on the right-hand side of Eq. (B.1). After some algebra, one finds
[S,L] = −rTT , (B.2)
where T = C+C†, and where C and C† are given in Eqs. (23), and (24) in the main text,
respectively. Proceeding to higher orders, we find after some lengthier algebra, that
[S, [S,L]] = −2rTUT + 2rTR, (B.3)
where R is given by Eq. (22) in the main text. The next order term becomes:
[S, [S, [S,L]]] = 4rTT . (B.4)
Proceeding in this manner, one then gets
Lˇ = rCUC + rT
(
UT + θT + θ
2
2!
2[−UT +R]− θ
3
3!
[4T ]
− θ
4
4!
8[−UT +R] + θ
5
5!
[16T ] + . . .
)
= rCUC + rT
(
UT + 1
2
[−(2θ)
2
2!
+
(2θ)4
4!
+ . . . ][UT −R]
+
T
2
[(2θ)− (2θ)
3
3!
+
(2θ)5
5!
− . . . ]
)
= rCUC + rT
(
UT + cos 2θ − 1
2
[UT −R]
)
+ rT
sin 2θ
2
T
= rCUC + rT
(
1 + cos 2θ
2
UT + 1− cos 2θ
2
R+ sin 2θ
2
T
)
= rUC + rT cos2 θ UT + rT sin2 θR+ rT sin θ cos θ T . (B.5)
which is the result given in the main text, Eq. (21).
Appendix C. Two-body correlation function
In this appendix we derive an explicit expression for S˜1(q, s), see Eq. (44), which
quantifies two-body correlation effects in the phase-rotated domain. The derivation
is similar to Ref. [26] where related quantities are derived for honeycomb and diamond
lattices.
In order to take into account two-body correlations we need to explicitly determine
Eq. (44), which we write:
˜ˆ
S1(q, s) = [
˜ˆ
S0(q, s)]
2 1
N
∑
r,r0
e−iq·(r−r0)
×
∑
b,b′
[Q˜(r,b; s|r0,b′)− Q˜(r + b,−b; s|r0,b′)
− Q˜(r,b; s|r0 − b′,b′) + Q˜(r + b,−b; s|r0 − b′,b′)], (C.1)
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where we introduced
Q(r,∆; t|r0,∆0) = 〈{∅}|〈Tr|〈Cr+∆|etLˇ0|Tr0〉|Cr0+∆0〉|{∅}〉, (C.2)
which is the probability that that the tracer particle is at position r with the crowder
particle at a separation ∆ at time t. The initial tracer particle postion is r0 and the
initial separation vector is ∆0. We will below derive an explicit master equation for
Q(r,∆; t|r0,∆0). Fourier transforming (•ˆ) Eq. (C.2) with respect to the tracer position
from its initial position, r− r0, and and Laplace transforming (•˜) with respect to time
t, we have
˜ˆ
Q(q,∆, s|∆0) =
∫ ∞
0
dte−st
1
N
∑
r,r0
e−iq.(r−r0)Q(r,∆; t|r0,∆0). (C.3)
Eq. (C.1) can now be written as
˜ˆ
S1(q, s) =
1
N
[
˜ˆ
S0(q, s)]
2
∑
b,b′
(
1− eiq·b′
) [
˜ˆ
Q(q,b, s|b′)− eiq·b ˜ˆQ(q,−b, s|b′)
]
. (C.4)
To first order in γ2, the structure factor is now
˜ˆ
S(q, s) ≈ ˜ˆS0(q, s) + γ2 ˜ˆS1(q, s) +O[γ4]. (C.5)
The contribution to the MSD of S˜1(q, s) is connected to the second order term in the
expansion of
˜ˆ
S(q, s) in q (c.f. Eq. (41)). For all lattices considered here, we have that
if b is a nearest neighbour, then −b is also a nearest neighbour vector. Using this fact,
and that S˜0(q, s) ∼ 1/s+O[q2] the second order expansion of S1 becomes
˜ˆ
S1(q, s) =
1
s2
G(s) +O[q4] (C.6)
with
G(s) =
∑
b,b′
(q · b)(q · b′) ˜ˆQ(0,b, s|b′). (C.7)
Thus, in order to determine the MSD we need to know determine the q → 0 limit of
the quantity
˜ˆ
Q(q,∆, s|∆0).
Consider now the definition Eq. (C.2), and let us derive a master equation for
Q(r,∆; t|r0,∆0). To that end, we take the derivative with respect to time and use the
operator identity ∂t exp[tLˇ] = Lˇ exp[tLˇ]. By further using the orthogonality relation,
Eq. (4), we arrive at
∂tQ(r,∆; t) = rT c
∑
b
δ∆,b (Q(r + ∆,−∆; t)−Q(r,∆; t)) +
∑
b
(1− δ∆,0 − δ∆,b)
×
[
rT (1− c) (Q(r + b,∆− b; t)−Q(r,∆; t)) + rC (Q(r,∆− b; t)−Q(r,∆; t))
]
.
(C.8)
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In the derivation above, we left the initial conditions implicit, and used that Q(r,∆ =
0; t|r0,∆0)=0, [26] i.e. two particles cannot occupy the same lattice site. The first term
on the right hand side above originates from the R operator. The δ-functions appearing
in the remaining terms make sure there cannot be jumps into and out of the “forbidden”
state ∆ = 0.
To proceed, we take the Laplace and Fourier transforms [see Eq. (C.3)] of Eq. (C.8).
We also take the Fourier-transform with respect to ∆ (Fourier variable p). By
rearranging the terms in the transformed version of Eq. (C.8) and by subsequently
performing the inverse Fourier-transform with respect to p we arrive at
˜ˆ
Q(q,∆, s|∆′) = e−iq·r0ω(q,∆−∆′, s)+
∑
b
[
rT c
(
ω(q,∆ + b, s)e−iq·b − ω(q,∆− b, s))
+ rT (1− c)
(
ω(q,∆− b, s)− ω(q,∆, s)e−iq·b)+ rC (ω(q,∆− b, s)− ω(q,∆, s)) ]
× ˜ˆQ(q,b, s|∆′) (C.9)
with
ω(q,∆, s) =
1
(2pi)d
∫
ddp
eip·∆
s− rT (1− c)
∑
b (e
−iq·beip·b − 1)− rC
∑
b (e
−ip·b − 1) .
(C.10)
where
∫
ddp = (l1 · · · ld)
∫ pi/l1
−pi/l1 dp1 · · ·
∫ pi/ld
−pi/ld dpd with li = avi (i = 1, . . . , d) and v is given
in Table 1. By letting q→ 0 in Eq. (C.9), we have an equation for the sought quantity,
˜ˆ
Q(q = 0,b, s|b′), see Eq. (C.7). More precisely, by letting q→ 0 and by setting ∆′ = b′
and ∆ = b′′ in Eq. (C.9) for all nearest neighbour vectors b′′, we get (for each b′) a
linear system of equations. The size of this system of equations is equal to the number
of nearest neighbours for each lattice, in general.
For all lattices considered herein, we are fortunate that one need not solve explicitly
the full set of systems of equations provided by Eq. (C.9). Instead, one will get a scalar
equation for the quantity G(s), see Eq. (C.7), directly. To show this, we let q → 0
in Eq. (C.9) and set ∆ = b and ∆′ = b′. By subsequently multiplying Eq. (C.9) by
(q · b)(q · b′) and summing over b and b′ we find that
G(s) =
∑
b,b′
(q · b)(q · b′)R(b,b′, s)
+ (−2rT c+ [rT (1− c) + rC ])
∑
b,b′,b′′
(q · b)(q · b′′)R(b,b′′, s) ˜ˆQ(0,b, s|b′), (C.11)
where
R(b,b′, s) =
1
(2pi)d
∫
ddp
sin (p · b) sin (p · b′)
s− [rT (1− c) + rC ]
∑
b˜
(
eip·b˜ − 1
) . (C.12)
In the derivation leading up to (C.11) we used the facts that
1
(2pi)d
∫
ddp
sin (p · b) cos (p · b′)
s− [rT (1− c) + rC ]
∑
b˜
(
eip·b˜ − 1
) = 0 (C.13)
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and that
1
(2pi)d
∫
ddp
sin (p · b)
s− [rT (1− c) + rC ]
∑
b˜
(
eip·b˜ − 1
) = 0 (C.14)
for the lattices considered herein. The expression above follows, for instance, by explicit
calculations for each of the lattices using the trigonometric identities [33]
sin(z1 + z2) = sin(z1) cos(z2) + cos(z1) sin(z2) ,
cos(z1 + z2) = cos(z1) cos(z2)− sin(z1) sin(z2) , (C.15)
and (using the expressions above)
sin(z1 + z2 + z3) = − sin(z1) sin(z2) sin(z3) + sin(z1) cos(z2) cos(z3)
+ cos(z1) sin(z2) cos(z3) + cos(z1) cos(z2) sin(z3),(C.16)
cos(z1 + z2 + z3) = cos(z1) cos(z2) cos(z3)− cos(z1) sin(z2) sin(z3)
− sin(z1) sin(z2) cos(z3)− sin(z1) cos(z2) sin(z3),(C.17)
as well as the fact that (v = x, y, z and α, β are arbitrary real numbers)∫ pi/lv
−pi/lv
dpv
2pi
sin (αpv) cos (βpv)
s− [rT (1− c) + rC ]
∑
b (e
ip·b − 1) = 0, (C.18)
and ∫ pi/lv
−pi/lv
dpv
2pi
sin (αpv)
s− [rT (1− c) + rC ]
∑
b (e
ip·b − 1) = 0. (C.19)
These results follow, since the denominators above are invariant under px → −px,
py → −py and pz → −pz for all lattices herein.
To proceed we write b = ±av (c.f. Table 2), in Eq. (C.12) and Eq. (C.11). We
also use the fact that for all lattices considered we have∑
v
(q · v)R(av′, av, s) = (q · v′)V (s) (C.20)
where the quantity V (s) depends on the lattice (see below). The expressions for V (s) are
calculated explicitly for each lattice by using Eq. (C.15) to Eq. (C.18). We then obtain
the results for V (s) as given in the main text, after a change of integration variables
px → px/lx, py → py/ly and px → pz/lz. By combining Eq. (C.20) and Eq. (C.11), we
get a closed form equation for G(s):
G(s) = 4a2V (s)
∑
v
(q · v)2 + 2 [rT (1− 3c) + rC ]V (s)G(s), (C.21)
Finally, solving the equation above, and using the explicit nearest neighbour vectors
listed in Table 1, we arrive at:
G(s) =
2a2nbV (s)|q|2/d
1− 2 [rT (1− 3c) + rC ]V (s) . (C.22)
where |q|2 = q2x + q2y + q2z for 3D lattices, |q|2 = q2x + q2y for 2D lattices and |q|2 = q2x
for 1D lattices. Above, nb and d are the number of neighbouring sites and the lattice
dimension, respectively.
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Appendix D. First order correlation factor: time dependence and long time
limit
We detail here the derivation of the first order results for the correlation factor, Eqs. (51)
and (52), respectively, for a linear (one-dimensional) lattice and for higher-dimensional
lattices.
One-dimensional lattice: For a linear lattice the integral V (s), given in Eq. (46),
can be evaluated:
V (s) =
1
2pi
∫ pi
−pi
dp
sin2 (p)
s− wλ(p) =
1
4w2
(
s+ 2w −
√
s(s+ 4w)
)
=
1
s+ 2w +
√
s(s+ 4w)
, (D.1)
where λ(p) = 2 (cos p− 1) and w = rC + rT (1− c). Eq. (45) becomes
A1(t)t = −4nba2L−1
{
1
s2
1
s+ 2b+
√
s(s+ 4w)
}
, (D.2)
with b = 2rT c. Focusing on the long-time limit (s→ 0) we find, after inversion back to
the time-domain, that:
A1(t) ∼
t→∞
A0
γ2
(
−1 + 1
c
√
r + 1− c
rTpit
+O(t−1)
)
, (D.3)
where A0 is given in Eq. (43) and γ
2 is defined in Eq. (29). Inserting the expression
above into Eq. (49) yields Eq. (51) in the main text.
Two- and three-dimensional lattices: In the higher-dimensional lattices (d ≥ 2) the
integral V (s), given in Eqs. (46), (47) and (48) cannot be evaluated. However, the long
time behavior may still be derived. Considering the asymptotic behavior of Eq. (45) we
have
A1(t)t ∼
t→∞
L−1
{
1
s2
−4nba2V (0)
1− 2(rT (1− 3c) + rC)V (0)
}
, (D.4)
Hence, if we define β through (β + 1)−1 = 2rT (r + 1− c)V (0), we arrive at
A1(t) ∼
t→∞
−A0
γ2
(
2c
2c+ (r + 1− c)β
)
, (D.5)
which yields Eq. (52) in the main text. Using Eq. (46), Eq. (47) and Eq. (48) we get
the explicit expressions for β according to
(βhyp + 1)
−1 =
∫ pi
−pi
dpx
2pi
∫ pi
−pi
dpy
2pi
∫ pi
−pi
dpz
2pi
sin2(px)∑
v(1− cos(p · v))
, (D.6)
(βbcc + 1)
−1 = 4
∫ pi
−pi
dpx
2pi
∫ pi
−pi
dpy
2pi
∫ pi
−pi
dpz
2pi
sin2(px/
√
3) cos2(py/
√
3) cos2(pz/
√
3)∑
v(1− cos(p · v))
,
(D.7)
(βfcc + 1)
−1 = 2
∫ pi
−pi
dpx
2pi
∫ pi
−pi
dpy
2pi
∫ pi
−pi
dpz
2pi
sin2(px/
√
2) cos(py/
√
2)
(
cos(py/
√
2) + cos(pz/
√
2)
)∑
v(1− cos(p · v))
.
(D.8)
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Figure E1. Example of MSD fits to simulation data. MSD(t)/t (logarithmic scale)
as a function of time for a square lattice with r = 1/20 for different concentrations c
as indicated. The black marks represent the result from the simulation, whereas the
red lines indicate the outcome of the fitting procedure as well as the range of data for
which the fitting procedure was applied, see Eq. (E.2).
For square lattices the two-dimensional integral for βhyp can be evaluated exactly
as βsquare = 2/(pi− 2), whereas for the three-dimensional lattices the integrals above are
numerically calculated, see Table 2.
Appendix E. Fitting procedure for the diffusion constant
From the set of trajectories generated using the algorithm from Sec. 4.1, we calculate
squared displacements y
(m)
i , where m (1 ≤ m ≤ M) labels trajectories and i labels
sampling times (i ∈ [1, ns], ns being the number of sampling times). The estimated
MSD then is
y¯i =
1
M
M∑
m=1
y
(m)
i . (E.1)
We are here interested in the long-time behavior of the MSD. To that end, we keep only
data from sampling times for which t > tmin with:
tmin =
10
cmin(rC , rT )
. (E.2)
To fit the MSD we used χ2 regression for uncorrelated data [34]. We have for the
estimated diffusion constant Dˆ:
Dˆ =
1
2d
∑
i y¯iti/σ¯
2
i∑
i t
2
i /σ¯
2
i
(E.3)
with
σ¯2i =
1
M(M − 1)
M∑
m=1
(y
(m)
i − y¯i)2 , (E.4)
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the variance of y¯i. For all fits we used ns = 10
−1M equidistant sampling times. In
Fig. E1 we show a few examples of fits, here for the data corresponding to Fig. 3 (upper
panel, blue marks).
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